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Abstract
If a control chart signds a change in the process parameter, identifying the time of change will
substantialy help the signd diagnostics procedure since it simplifies the search for specia causes. In
this paper we propose a maximum likelihood estimator for the time of a step-change in a multivariate

process mean when the observations follow a multivariate normal distribution. We describe how this

estimator can be used to identify the change point when a multivariate ¢° control chart signals a

change in the process mean. We illustrate the use of our proposed estimator with an example. We
assess the performance of the estimator through computer simulation experiments. The results show
that our proposed estimator performs effectively and equally well for al process dimensions and shift
magnitudes considered. Thus, the estimator provides process engineers with an accurate and useful

estimate of the actua time of the change in the process mean.
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I ntroduction

Statistical process control (SPC) charts are tools that are used to monitor the state of a process
by distinguishing between common causes and specia causes of variability. When a control chart
signals that a specid cause is present, process engineers initiate a search for the speciad cause. Process
engineers expertise and knowledge of the process help them in identifying which combination of the
many process variables caused the signa. This identification enables the engineers to improve product
quality by preventing or avoiding changes in those variables which cause poor quality, and optimizing
those variables which can lead to better quality.

Knowing when a process has changed would simplify the search for the specid cause by
shrinking the time window within which to look for the specid cause. Consequently, the specid cause
can be identified more efficiently, and corrective measures can be implemented sooner.

When severd characteristics of a manufactured component are to be monitored simultaneously,
multivariate Shewhart-type ¢ * control charts can be used (Montgomery 1991, p. 326). As long as the

points plotted on the ¢ # control chart fall below the upper control limit (UCL) of the chart, the process

is assumed to operate under a stable system of common causes, and hence, in a state of control. When
one or more points exceed the UCL, the process is deemed out of control due to one or more specid
causes and an investigation is carried out to detect these special causes.

Itiswell known that ¢? control charts can signal a change in the multivariate process mean a
substantial amount of time after the change actually occurred. Thisis especialy true for smal shiftsin
the process mean since the average run length of the control chart can be large. Hence, examining the
process for specia causes only at the time of the signa may be ineffective. Knowing when the change
had actudly occurred would substantially help the signa diagnostic procedure.

Samuel, Pignatiello and Cavin (1998) considered the issue of identifying the change point when

asignd isissued by an X control chart. They investigated the performance of a maximum likelihood



estimator (MLE) of the change point, due to Hinkley (1970), when the estimator was used with X
control charts. Their investigation showed that the estimator performed effectively by identifying the
time of the change in the process mean even in the case of smal mean shifts.

In this paper, we derive a maximum likelihood estimator for the time of a step-change in the

multivariate process mean. We investigate the performance of our change point estimator when it is
used with ¢ control charts. We illustrate the use of our change point estimator through an example.

This paper is organized as follows. In the next section, we describe the process model and
derive the maximum likelihood estimator of the change point in the multivariate process mean. We
illustrate the use of the estimator in the following section with an example. We then study the

performance of the estimator using Monte Carlo simulation.

Multivariate Process M odel
Suppose that a multivariate process is monitored by means of a ¢ control chart on p
important quality characteristics. Let X; = (X3, X, ..., X;;,)¢ be a p” 1 vector which
represents the p characteristics on the jth observation (j = 1, 2, ..., n) in the ith subgroup of size n.

Suppose further that when the process is in control, the X;'s are independent and identicaly

distributed, and follow a p-variate normal distribution with mean vector m, and covariance matrix S, .

Thet is, the X;;’sareiid N ,(m,, S,) when the processisin control. We let n denote the subgroup

szeandwelet X denote the average vector of the ith subgroup. That is,

Xi =18 X, .
nij=

When the ith subgroup is observed, the statistic
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has a chi-square distribution with p degrees of freedom (Montgomery 1991, p. 326). This statistic is
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plotted ona ¢ control chart with upper control limit (UCL) setat c 3, , where ¢, isthe (1- a)th

a
percentile point the chi-square distribution with p degrees of freedom and a is the probability of afase
alarm for each subgroup plotted on the chart.

We will assume that, when the multivariate process mean changes, there has been a step-change
from itsin-control value of m= m, to an unknown value m=m, where m * m,. If ¢ exceedsthe

UCL of the ¢ control chart, we conclude that the step-change in the process mean occurred after some
unknown time t where O£t £T-1. Hence, we assume that the subgroup averages
YLYZ eees Yt came from the in-control process and the subgroup averages Yt +1,Yt 240y YT
came from the out-of-control process. We further assume that there is no change in the covariance
structure and that the process mean remains a the new level m, until the special cause has been
identified and removed.

The maximum likelihood estimator of t can be shown to be the vaue of t for which the

statistic M, attainsits maximum. That is,

t = argmax M,, t=0 1 .., T-1
t

where

M, =(T- t)(i,T i mo)(s;f(i; i mo) (1)

and where
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isthe average of the T - t most recent subgroup averages. The interested reader can see the Appendix
for the derivation of this change point estimator. In the next section we illustrate the use of this

estimator with an example.

[ llustrative Example
We now consider a hypothetica example involving the machining of steel deeves in which the

inside diameter, the outside diameter and the length are the p = 3 important quality characteristics. A
c? control chart is being used to monitor these characteristics. Based upon historical data, the process

is known to be stable and in control, and the observations are established to be multivariate norma

vectors with mean vector m, and covariance matrix S, where
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Rational subgroups of size n = 5 are periodicaly formed from the process and the ¢ ? statistic for the
subgroup is plotted on the chart. The probability of afdse darmisset a a = 0.0027. The UCL of

the ¢ control chart is then
UCL.. = C}opp =14157.
The sample averages of 21 subgroups and the corresponding ¢ ° statistics are shown in Table

1. The control chart has issued an adarm for the 21st subgroup since ¢, >UCL. Thus, T =21



Table 1. Subgroup average vectors and the ¢ * statistics

Sub?roup Yi( c?
1| [104.757 150151 119.243] 0.3500
2| [105432 150.252 122.584] 3.1890
3| [104.449 151325 120.496] 4.1075
4| [101822 146074 118236 5.8615
5| [106.986 15059 121009 4.3125
6| [106887 153377 118.408] 7.2180
7| [104.486 148822 119.610] 0.5105
8| [104.314 147559 120.316| 2.9110
9| [103760 149.237 118594] 1.3150
10| [104.488 149.475 119.524] 0.1620
111 [104.638 150.276 120.708| 1.0780
12| [102.711 147.623 119.969) 3.9800
13| [107.061 152.098 122.726| 3.6290
14| [103276 148987 119.682] 2.6700
15| [105.761 151890 120.036] 1.3640
16| [108153 151391 120.350] 10.9335
17| [104841 147558 119.485] 4.8650
18| [104.956 147.410 118.942] 6.8220
19| [108306 151819 119.715 12.3970
20| [106.464 150.938 118532] 5.0165
21| [109.940 153406 121605 18.1875

Our proposed estimator can now be applied to estimate the change point. To do so, we need to

find the reverse cumulative averages YLT fort=0,1,2, .. T-1. Inour example, the signd was

issuedat T =21. Thus, we need

Xtz =——aq Xi
21' ti:t+1



fort=0, 1, 2, ..., 20. Working with the most recent subgroups first, the reverse cumuléative averages

are
X 2021 = Bal= [109.940 153406 121605]
X = ?( 20+ X 2132 [108.202 152172 120.069]
- 19
— 1 = - — . ¢
X = Bio + Xoo + X = [108.236 152.054 119.95]]
- 18

and so on. All 21 of these reverse cumulative averages are shown in Table 2.

The M, statisticsarethen calculated fort =0, 1, 2, ..., 20 where

M, = (21- t)§<n-mo Sl§<n m0 .

Working with the most recent reverse cumulative averages we obtain

M, = (21- 20)&3)_(20,21 - a?x_ 2021 - My~ : 36375
& Sog

My = (21- 19)?)(_19,21 - Sol§19 2 - My= : 38007

Mg = (21- 18)§lS,Zl - Solga%_(ls 2 - My= : 6.2354

and so on. All 21 of these M, statistics are shown in Table 2.

From Table 2, we see that the largest value of M, occurs at t = 15. So, the estimate of the

time of change is t =15. Hence, we estimate that the process mean has changed during the time
between the formation of subgroups 15 and 16. That is, we estimate that subgroup 15 was the last
subgroup from the in-control process and subgroup 16 was the first subgroup from the out-of-control

process.



Table 2. Reverse cumulative average vectors and the M, statistics

t —( M,
X 1
0| [105404 150012 119.988] 1.2742
1| [105436 150005 120.026] 1.3840
2| [105436 149993 119891 1.5846
3| [105491 149919 119857 2.2324
41 [105707 150145 119887] 2.6874
5| [105627 150117 119887 2.1740
6| [105543 149899 119.985] 2.0538
7| [105618 149.976 120012 2.0942
8| [105719 150162 119989 2.0172
9| [105882 150239 120105 2.4716
10| [106009 150309 120158 2.7918
11| [106146 150312 120103] 3.5285
12| [106528 150611 120118 4.9370
13| [106461 150425 119.792] 5.1909
141 [106916 150630 119807] 7.3008
15| [107108 150420 119.769) 8.7092
16| [106899 150226 119653 6.6730
17| [107.414 150893 119694 6.4799
18| [108236 152054 119.951] 6.2354
19| [108202 152172 120.069) 3.8007
20| [109.940 153406 121605] 3.6375

Process engineers could use this information in their investigation for the specia cause
responsible for the shift in the process mean. For example, they could review the process log books and
study the information recorded during and around the time when subgroup 15 was machined to identify

aspecid cause. They may find, for example, that the boring tool used for machining the inside diameter



had lost its dignment during the time subgroup 15 was machined. Upon identifying this as the specid
cause, the process engineers could correct the misalignment in the tool. They could initiate a series of
experiments to investigate whether the existing boring tool should be replaced with a newer and sturdier
one.

If the process engineers had examined their records corresponding to subgroup T = 21 only, i.e.,
the subgroup for which the ¢ control chart issued the signd, they might have failed to identify the
specia cause or they might have incorrectly identified a specia cause. Alternatively, the process
engineers could have started examining their records at the time of signa and searched backwards until
aspecia cause was found. But, using our proposed estimator is a more efficient way to search for the
specia cause. Process engineers could initiate their search a the time suggested by our proposed
estimator and they could expand their search window by examining the records corresponding to

subgroups machined before and after the estimated change point.

Performance Evaluation
In this section, we study the performance of our proposed estimator using Monte Carlo
simulation. Two performance measures, namely, the average change point estimate and the empirica

distribution of the estimated change point around the actua change point are considered.
The observations were assumed to come froma N, (m,, S,) distribution when the process is

in control. Three process dimensions, namely, p = 2, 5 and 10 were considered. One hundred
subgroups of size n = 5 were generated randomly from the in-control distribution. If the ¢ * statistic for
any of these subgroups exceeded the UCL, al data from that subgroup were discarded and replaced

with new data  The new c”satistic was then re-computed and compared with the UCL. This

10



procedure was repeated, as needed, until 100 subgroups from the in-control process had ¢ * statistics

that did not exceed the UCL. Thus, the ¢ ? control chart did not issue any false darms.

Starting with subgroup 101, the simulated process mean was changed from m, to m, by

introducing a shift of magnitude | in the in-control mean where

¢
| = Jn(ml- my) Sii(m- m).
Subgroups were then generated from the out-of-control process until a subgroup’s ¢ * statistic exceeded

its UCL, that is, until the control chart issued a genuine darm signa. The change point estimate was
then calculated following that genuine darm signa using the method described earlier. This procedure
was then replicated 10,000 times, and the average of those 10,000 change point estimates, its standard
error, and the empirica distribution of the estimated change point around the actua change point were
obtained. Five shifts of magnitude | = 1.0, 1.5, 2.0, 2.5 and 3.0 were considered.

The results of this simulation study are presented in the following tables. In Tables 3 - 5 we
show E(T), thetime a whichthe ¢ control chart is expected to issue a genuine signa of achangein

the process mean. Since the change had actualy occurred following subgroup t = 100, E(T) = 100 +
ARL, where ARL is the average run length of the control chart for the out-of-control process. The

average run length of a control chart is the expected number of subgroups required to detect a change in

the process parameter. We aso show the average of the change point estimates (t ) and its standard

error based on 10,000 replications. Since the actua change point was at subgroup t = 100, the
average of the change point estimates (t ) should be close to 100.

The resultsin Tables 3 - 5 show that the t  averages are in fact close to the actua change point

of t =100 for all shift magnitudes and for all dimensions considered. Thus, on average, our proposed

11



change point estimator is close to the actud time of change regardiess of the vaues of the shift

magnitude and process dimension.

Table 3. Average of the change point estimatesfor t =100and p=2

| =1.0 | =15 | =20 | =25 | =3.0
E(T) 167.34 123.34 109.41 104.51 102.57
E 100.37 100.09 99.87 99.75 99.74
Std. Error 0.0782 0.0384 0.0340 0.0333 0.0275
Table 4. Average of the change point estimatesfor t =100and p=5
| =1.0 | =15 | =20 | =25 | =3.0
E(T) 214.38 144.42 117.94 108.07 104.16
E 100.55 100.07 99.99 99.85 99.75
Std. Error 0.0734 0.0385 0.0253 0.0288 0.0332
Table 5. Average of the change point estimatesfor t =100and p =10
| =1.0 | =15 | =20 | =25 | =3.0
E(T) 259.89 172.32 131.25 114.06 106.91
E 100.65 100.19 100.03 99.91 99.87
Std. Error 0.0780 0.0372 0.0267 0.0261 0.0267
For example, whenp=10and | = 1.0, the ¢* control chart on average will signa the change

in the process mean on subgroup 260 when the actua change had occurred after the 100th subgroup. |If
the process engineers only search their databases for specia causes that may have occurred around the
time of the signd, it is very unlikely that they will find the real one. If our proposed estimator were
used instead, the process engineers would correctly conclude, on average, that the shift had occurred
after the 100th subgroup and consequently have a much better chance of identifying the specid cause.

In Tables 6 - 8 we show the empiricd distribution of the change point estimates around the
actud change point. The estimated probability that the change point estimate is within m subgroups of

the actua change point is shown in Tables 6 - 8 for several vaues of m based on 10,000 replications.

12



For example, consider the case when p=2and | = 1.0. In Table 6 we see tha of atotd of
10,000 replications carried out, the change point was identified correctly in 25% of the replications.
The change point was estimated to be within * 1 subgroup of the actua change point in 46% of the

replications, and to be within + 4 subgroups of the actua change point in 74% of the replications.

Table 6. Empirica distribution of f around t forp=2

| =10 | =15 | =20 | =25 | =30
B =t) 0.25 0.43 0.61 0.72 0.82

B - t|£1) 0.46 0.68 0.83 0.90 0.95

B - t|£2) 0.59 0.79 0.92 0.96 0.98

B(f - t|£3) 0.67 0.86 0.95 0.98 0.98

Bt - t|£4) 0.74 0.91 0.97 0.98 0.99

B(f - t|£5 0.78 0.94 0.98 0.99

Bt - t|£6) 0.82 0.96 0.99

Bt - t|£7) 0.85 0.97

Bt - t|£8) 0.88 0.98

P(f - t|£9) 0.90

P(f - t|£10) 0.91

P(f - t|£15) 0.96

Table 7. Empirica distribution of f aroundt forp=5

| =10 | =15 | =20 | =25 | =30
B =t) 0.24 0.42 0.59 0.71 0.81
B - t|£1) 0.45 0.67 0.82 0.91 0.95
B - t|£2) 0.57 0.79 0.91 0.96 0.98
B(f - t|£3) 0.66 0.86 0.95 0.98 0.99
Bt - t|£4) 0.72 0.90 0.97 0.99
B(f - t|£5 0.77 0.93 0.98
Bt - t|£6) 0.81 0.95 0.99
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|:3(|f -t | £7) 0.84 0.96
B(f - t|£8) 0.86 0.97
B(f - t|£9) 0.89 0.98
P(f - t|£10) 0.90
P(f - t|£15 0.96

Table 8. Empirica distribution of f around t for p =10

| =1.0 | =15 | =20 | =25 | =3.0

B(f =t) 0.24 0.43 0.57 0.69 0.78
P(f - t|£1) 0.45 0.67 0.81 0.90 0.94
P(f - t|£2) 0.57 0.79 0.90 0.96 0.98
P(f - t|£3) 0.66 0.86 0.95 0.98 0.99
B(f - t| £ 4) 0.72 0.90 0.97 0.99

P(f - t|£5) 0.77 0.93 0.98
P(f - t|£6) 0.81 0.95 0.99
P(f - t|£7) 0.84 0.96

P(f - t|£8) 0.86 0.97
P(f - t|£9) 0.89 0.98
P(f - t|£10) 0.90
P(f - t|£15) 0.95

Forp=2and | =1.0,the ¢ control chart on average would signa the change in the process

mean after subgroup 167 when the actua change had occurred after the 100th subgroup. That is, the
control chart on average signa's the change 67 subgroups after the actua change. Thus, seeking special
causes & the time of signd might be futile. However, if our proposed change point estimator were used,
there would be a 25% chance of identifying the actual change point. Further, there would be a 46%

chance that the estimated change point is within * 1 subgroup of the actua change point and a 74%

14



chance tha the estimated change point is within 4 subgroups of the actua change point. Similar
performance results can be seen in Tables 7 and 8.

Tables 3 - 8 show that our change point estimator performs equally well for al dimensions and
for al shift magnitudes considered. Tables 3 - 5 show that the average of the change point estimates are
close to the actua change point for al process dimensions and for al shift magnitudes considered.
Tables 6 - 8 show that the empirica distribution of the change point estimates around the actua change
point depends only on the shift magnitude and that the distribution is aout the same for all process
dimensions considered.

Further, it can be shown that the results in Tables 3 - 8 do not depend on the direction of the
shift. Thus, the average of the change point estimates are close to the actua change point regardless of
the process dimension, shift magnitude and the direction of the shift. The empirica distribution of the
estimated change point around the actuad change point depends only on the shift magnitude. It is

independent of the direction of the shift and appears to be independent of the process dimension.

Conclusions

In this paper we have proposed an estimator for identifying the time of a step-change in a

multivariate process mean. We described how the estimator can be used in conjunction with ¢ 2

control charts. When a ¢ * control chart signal's a change in the process mean, process engineers carry

out a search for specid causes responsible for the change. Confining the search only to the time of the
signd is likely to be ineffective since the actuad change may have taken place a substantial amount of
time before the signal. This is especidly true when there is only a smal change in the process mean
since the average run length can be quite large. Process engineers can improve the chances of

identifying the specia cause by using our proposed estimator.
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We illustrated the use of our proposed estimator with an example involving a ¢ ? control chart.

Our proposed estimator could aso be used following a signd on a multivariate CUSUM or EWMA
chart as well. We presented the results of some simulation experiments carried out to evauate the
performance of the estimator. The simulation studies showed that, given a change in the process mean,
the estimator performed effectively and equaly well in detecting the actua change point for al process
dimensions and al shift magnitudes considered. The results further showed that the empiricd
distribution of the estimates around the actual change point depends only on the shift magnitude. The
empirical distribution is independent of the direction of the shift and it appears to be independent of the

dimension of the process.
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Appendix

We consider the derivation of the joint maximum likelihood estimators (MLES) of the change

point t and the changed multivariate process mean m, in this gopendix. Maximum likelihood
estimation methods are discussed, for example, in Casella and Berger (1990).

We assume that the process mean has changed a an unknown time t (i.e., immediately after
observing subgroup t ) and tha the change is detected a time T. The logarithm of the likelihood

function (apart from a constant) is given by

~\

InL(t,mlIC)=-2 §< %859 mog+a§< ”1135@( mlgu

i=t +1 g
where C = gxl, X2, o.uy XTB. Using well known results (see, e.g., Johnson and Wichern, 1992,

pp. 144 - 145), we can write

t — .. — )
a g mg SogK: - mg
i=1

B
:trgsg)léa €Ki - mP8Xi - mZ U (A1)
g &n o
€ & — — I =
:trgsolé &, - m2 €Ki - mo&Ki - m2
g i=1 i=t+1
and
S & é( 188, o)
a ghi-mg SogKi-my
—tré -1G 2 - - 9 - - - ht _U
tl’gso %:?ﬂ?(. XtT%ﬁ(l Xt,Tb +(T t)ga?XtT m%ﬁ(tT ml ﬂU
e u
where
B g —
Xir=Qa Xi

i=t +1
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and tr denotes the trace operator. |f the change point t were known, the MLE of m, would be

m, = Xt 1. Hence,

I =~ & = §aeg—=@——@¢‘5‘]

a §(| - ﬁllg Sbl§(i - ﬁyg:tr%blga g‘Xi - Xt,TES%( Xyt TU (A2
i=t+1 & %:“1 ﬂﬂl"‘l

e u
Now,

J = — . (

a & - mgEXi - mg

i=t+1
:é g%(i' Xir +Xt,T+rTbg§?Xi- Xer+ Xt +my= (A3)
=t +1 g

Using (A1), (A2) and (A3) we can show that

n I &1 = x5 N 08, 5"t

|n|_( ml|(;):.E ; ga?( %( g (T t)g%(tT'rnoo%(tT'rnOg%
&

0w s 5 S, - m

2 mE S (O m sl

e_ u

The MLE of the change point, denoted by t , is the vaue of t that maximizes the log-likelihood.
Hence,

where
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