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Abstract

This paper discusses the synthesis of fixed-architecture
controllers that guarantee either robust Hs or Hy, per-
formance. The synthesis is accomplished by solving
a Riccati equation feasibility problem resulting from
mixed structured singular value theory with Popov
mulipliers. It is seen that the numerical algorithm for
robust H,, performance is much more complex that
that for robust Hy performance.

1 Introduction

This paper considers the design of robust controllers
using the state space Popov analysis criterion which
is based on the Popov stability multiplier W(s) =
H? + Ns. This is a special case of mixed structured
singular value synthesis [7, 9]. Both robust H, and
H,, performance are considered. H., performance has
been considered by introducing a fictitious uncertainty
block [5, 16] into the standard uncertainty feedback
configuration shown in Fig. 1. Both formulations
require the minimization of a cost functional subject
to a Riccati equation constraint [3, 4]. This formula-
tion has several advantages. First, compensator order
and architecture can be specified a priori. In addi-
tion, both the controller and multiplier parameters can
be optimized simulatenously which avoids M-K (i.e.,
multiplier-controller) iteration.

For robust H, performance the cost function that is
minimized is an upper bound on the H, performance
over the uncertainty set. For H,, performance, an ar-
tificial cost function is used since the H,, performance
enters into the problem through the introduction of a
fictitious uncertainty block. Though the formulations
for the robust Hy and H,, problems are very similar,
the gradient and consequently the Hessian expressions

for the H,, formulation are much more complex result-
ing in more computationally intensive algorithms.

Because of positive definite constraints on the Riccati
equation solution, standard descent techniques cannot,
be used to solve the resulting optimization problem.
Hence, probability-one homotopy algorithms have been
formulated [3, 4]. These algorithms have desirable
properties when applied to controller design. First,
they can be initialized with any feasible multiplier and
stabilizing controller. Also, each controller computed
as the homotopy curve is traversed is physically mean-
ingful. In particular, for the robust H, performance
each controller along the homotopy path guarantees a
specified degree of robust stability while for the robust
H,, performance problem each controller guarantees
a specified degree of both robust stability and robust
performance.

The paper is organized as follows. Section 2 presents
the general form of a Riccati Equation Feasibility Prob-
lem (REFP) for the synthesis of robust controllers us-
ing the Popov multiplier and provides the specific for-
mulations for the synthesis of controllers for robust
H, and H,, performance. Section 3 describes the
solution approach via probability-one homotopy algo-
rithms. Section 4 shows the result of both robust H»
and H, control design for a standard benchmark prob-
lem. Conclusions are presented in Section 5.



Notation and Definitions

R real numbers

RI*E r x s real matrices

Rr Rr x1

C complex numbers

crxs r X s complex matrices
Cr Cr x1

Drxr r x r diagonal matrices
tr trace

Orxs r X § zero matrix

0T transpose

0O* complex conjugate transpose
I, r X r identity

Zy > Z1 Zy — Zj positive definite
Zy > 7y Zy — Zj nonnegative definite

2 Riccati Equation Characterization of the
Popov Criterion

Consider the linear uncertain system of the form

T = (A+AA)x+ Dw (1)
= Ezx (2)

where x € R", A € R™™"™ denotes the nominal dy-
namics matrix, AA denotes the parametric uncertainty
belonging to a specified set U, w(t) is an unit intensity
white noise signal, and z(t) € R? is a vector of outputs.
In this case, the uncertainty set U is defined by

UZE{AAe R™": AA=—BFC,M, < F < M}

(3)
The matrices B € R™™ and C € R™*™ denote the
structure of uncertainty, and F € D"™*™ is an uncer-
tain diagonal matrix bounded by the diagonal matrices
M and Ms. In the following formulation, the diagonal
values of M; and Ms represent the guaranteed limits of
robust stability in the H, performance case and guar-
anteed limits of both robust stability and performance
in the H., performance case. In the following a stabil-
ity test based on the Popov multiplier W (s) = H>+N's,
is developed.

Theorem 1 [7] Let My, Ma, N,H € D™ be such that
Ms — M, is positive definite, N is nonnegative definite
and € is a positive scalar. If there exists a nonnegative
definite matriz P satisfying

0 = (A-BM,C)"P+ P(A—-BM,C)+
[BTP - H?C - NC(A-BM,C)|T -yt
[BTP — H?C — NC(A - BM,C)] +€R. (4)

where
R=ETE (5)

and
Y = [2H*(My — My)™' + NCB + B'CTN] >0 (6)

then the wuncertain system described by (1)-(2) is
asymptotically stable for all AA € U. In this case the
worst-case overbound of the Ho cost function is given

by

JU)<.J

>
| =

tr[P + CT(My — M)NC)V  (7)

where
v =DDT (8)

Hence the Popov analysis criterion has been posed as
a Riccati Equation Feasibility Problem (REFP).
3 Dynamic Output Feedback Controllers

Consider the n,th-order stabilizable and detectable un-
certain plant

&, = (4p+AA4,)z, +Byu+ Diw 9)
y = Cpzp+ Dow (10)
Zp = Elwp (11)

where u € R™, w € R"™, y € R™ is the output vari-
able and z, € R™ is the performance variable. The
synthesis problem is to determine an n.th-order dy-
namic compensator

. = Acxe+ Bey (12)
v = —C.z. (13)
such that the closed loop system in Egs. (9-13) is

asymptotically stable for all AA, = BoFCy € U, where
By and Cj represent the structure of the uncertainty.

Formulation for H, Performance
The closed loop system can be represented by

&t = (A+AA)x+ Dw (14)
= Ex (15)

where assuming negative feedback

A | Tp _ Ap —B,C.
m_[a:] A‘{Bccp A, (16)
A AAP Onxnc _
Ad= { On.xn Onsn. } = BFC



Hence G(s) in the standard uncertainty feedback con-
figuration shown in Fig. 1 is given by

The H, cost function is defined with respect to the
transfer function between the disturbance vector w and
the performance vector z. The closed loop R and V
matrices are given by (5) and (8) where

E=[E -EC.], D= [ Blc)1172 } (19)

and EJ Es is the input weighting matrix.

Formulation for H,, Performance

The above problem may be reformulated to design for
H, performance. The closed-loop system in Fig. 2(a)
may be represented by the following equations.

& = Az — Buy + Dw (20)
where A is given by (16), B by (17) and D by (19).
Uy = Auyla Yy = CCU (21)

where A, represents the uncertainty and C' is given by
(17). }
z=1z,=FEz (22)

where

E=[F Onsn ]. (23)

It is generally desired to keep the performance variable
z in (22) small while keeping the the control effort u in
(13) ‘reasonable’. Hence the closed loop system in Fig.
2(a) is rearranged as shown in Fig. 2(b).

The output vector § may now be written as

Y1 Q .
g=| z |=| E |z=Cz (24)
u F

where F is given by (23) and

F=[0nxn -Cc]. (25)

The loop between the output vector g is now closed
through a performance block A, as shown in Fig. 2(c).
The uncertainty block A, and the performance block
A, are then lumped together to form one ‘fictitious’ un-
certainty block A, as shown in Fig.2(c) [5]. The system
may now be represented by the following equations.

i = Az — Bii (26)

where @ is the input vector given by

i = { v } (27)

w

and B is given by

B=[B -D] (28)
i =Aj (29)
where
3] w
j=Cxz (31)

Hence G(s) in the uncertainty feedback configuration
shown in Fig. 1 is given by
Al B
G(s) ~ |—== 32
o~ o] (3)

Now if a set of multipliers and controllers exist which
satisfy the conditions of Theorem 1 then the closed
loop system is stable for all AA € U and the H, per-

formance condition || { 5 } Jw|| < 1/ is satisfied for
o0

all [|A, |, <7

4 Riccati Equation Feasibility problem as an
Optimization Problem

Both the Hy and the H., formulation have been posed
as a Riccati Equation Feasibility Problem (REFP)
which may in turn be converted to the following op-
timization problem.

rr;irlg J (e, 8, P) subject to (4). (33)
In the case of Hs performance, J is the upper bound
on the Hy cost function given by (7), and € consists of
the the free elements of the multipliers and controllers
and is given by

0 = [vec(H)T, vec(N)T, vec(A.)T, vec(B.)T, vec(C.)T]

(34)
In the case of the H,, formulation we minimize the
artificial cost function

J = tr(P). (35)

To characterize the extremals, we define the La-
grangian

L(e,6,P,Q) = J(c,6,P) + trQW(c,6,P),  (36)

where J is given by equation (7) or (35) and W (e, 8, P)
denotes the right hand side of equation (4). The nec-
essary conditions for a solution to (33) are given by

oL oc

"= "7 %

(37)



oL

0 = 50 = (z1)'P+ P(Z) + P(BY 'B)P
+(ZTY~'Z 4 €I) = Equation 4. (38)
oL T
0= 3P = (RR)Q + Q(RR)” + pI (39)
where
X = A-BMC
Z = H?’C+NCX
Y = 2H*(M,- M) +NCB+B"C"N
Z, = X—-BY 'z
R = Z,+BY 'z

5 Probability-One Homotopy Algorithms for
Robust Controller Synthesis

Consider a function F : RN x R — RN that is C*.
Given vy, it is desired to find 2 € R" such that

0= F(z,vy). (40)

This is a standard zero finding problem. In the context
of the robust controller synthesis

= (0,¢), vy =I[My, My (41)

where My and M,y are the uncertainty bounds given
in (3). In the formulation for H., performance this
would represent the bounds for the uncertainty as well
as performance, and

oL 8£> ’ (42)

F(CU:’Y) = <%7 E

Note that 0 = % and 0 = g—g are implicitly satisfied
by choosing P as the (maximal) solution of the Riccati
equation (38) (or (4)) and @ as the solution of the

Lyapunov equation (39).

Let 2o = [0, €o] represent a feasible multiplier, a sta-
blizing compensator and a positive €. Furthermore let
Yo be chosen small enough such that there exists a
positive-definite solution Py to (4). (It is assumed that
Yo < 7f such that the robustness problem is not triv-
ial.) It should be fairly easy to find an initial feasible
multiplier and stabilizing compensator if 7o is chosen
sufficiently small.

We let
YA) = (1= Xy + Ay (43)
and define the probability-one homotopy map p
[0,1) x RN = RN by
p(\,z) = AF(2,7(A)) + (1 = M)(x —z0).  (44)

The above homotopy map ensures that the Jacobian
of the map is full rank at all points on the zero curve

(except possibly at the end point). In the context of
the robustness problem, this homotopy map also has
the desirable property that it can be initialized with
any feasible multiplier. In addition, for any A € [0,1)
the corresponding point on the zero curve (x,\) corre-
sponds to a controller and multiplier that guarantees
the level of robustness (robustness and performance
in case of the H,, formulation) corresponding to (\)
since the Riccati equation (4) (or (38)) with the con-
straints (6) are satisfied with v = v(\). Hence, each
point on the zero curve (0 = p(\,z), A € [0,1)), is
physically meaningful even though F(z,vs) # 0 for
0<A<.

5.1 Probability-One Homotopy Algorithm
Complete details of the numerical algorithm are in Ref-
erence [14]. A sketch follows.

1. Set A =0, z = xg.

2. Evaluate the homotopy map p and the Jacobian
of the homotopy map Dp.

3. Predict the next point Z(©) on the homotopy zero
curve using, e.g., a Hermite cubic interpolant.

4. For kK =0,1,2, ... until convergence do
2040 = 200 — [Dp(2 M) p(2),

where [Dp(Z)]" is the Moore-Penrose pseudoin-
verse of Dp(Z). Let (z1, A1) = limy_,o0 Z*.

5. If A\; < 1, then set x = z1, A = A, and go to to
step (2).

6. If A\; > 1, compute the solution z at A = 1 using,
e.g., inverse linear interpolation.[14]

6 Numerical Example

To illustrate robust control synthesis with the
probability-one homotopy algorithm, we consider the
two-mass/spring benchmark system shown in Figure 3
with uncertain stiffness k. A control force acts on the
body 1 and the position of body 2 is measured, result-
ing in a noncolocated control problem. This benchmark
problem is discussed in detail in Reference [15].

The open-loop plant (for m; = my = 1) is given by
(9)-(11) where 2z, = x> is the performance variable, y
is a noise corrupted measurement of z,,

1 0 0 1 0

| Lo 0 01
xp - 3 9 Ap(k) - —k k? 0 0 )

T4 kE -k 0 O



Bp: , Dy =

o O O

0
0
1
0

o O O O

1
C,=Ei=[0 10 0], Do=[0 1].

It is assumed that k = kyom + Ak. The perturbation
in A,(k) due to a change Ak in the stiffness element &
from the nominal value ko, is given by

A

Ap(k) — Ap(knom) £ AA, = —B,AkC,,  (45)

where

B,=[0 01 -1]", ¢,=[1 -1 0 0].

We desire to design a constant gain linear feedback
compensator of the form given in (12)-(13) such that
the closed-loop system is stable for 0.5 < k < 2.0 and
for a unit impulse disturbance at ¢ = 0, the perfor-
mance variable z, has a settling time of about 15 s for
the nominal system (with k& = kyom = 1).

6.1 H, Performance

The closed loop system is given by (14)-(15) and as-
suming negative feedback the state matrix A is given
by (16). The closed loop B and C matrices are given
by

B:[Bo 04><1], C:[Co 01><4] (46)

Hence G(s) and A in the uncertainty feedback config-
uration shown in Figure 1 are given by

G(s) ~ { A(kg’m) ﬂ A=Ak (47)

The upper bound on the H, cost functional is given by
(7) in Theorem 1 where V is given by

_[ v  wBT
v=| o e | “8
with Vi = DiDiT, Vo = pDyD,T, and Vi, =
/2 Dy D>T. and the weighting matrix R is given by

. Ry —Ri2C,
= { ~CTRL, CTRC. |0 "9
where R; = ElTEl, Ry = p, and Ry3 = /p EIT Here
the parameter p is used as a design parameter to in-
crease or decrease the authority of the controller and is
hence made a function of the homotopy parameter .

It can be seen that the diagonal H and N of the Popov
multiplier, reduce to scalars for this particular example.
The variable z in (41) is given by

c=[H N e vecT(A.) vecT(B,) vecT(C.) ]
(50)

and consequently, the function F' in (42), is given by
_ of -

F(z,y) = Vec_‘9£ . (51)

The initial point xg is chosen in the following manner.
Hy, Ny, and €g, are chosen arbitrarily as 10, 10, and
1, respectively. The initial controller (Ac,0,Beo,Cec0)
is an LQG controller for the nominal plant correspond-
ing to p = 0.001. No robustness is expected of this
controller and hence M o and M> g in (41) are chosen
close to zero (i.e., M1 = —0.01 and M>o = 0.01).
It is found that the controller authority need not be
increased any more and hence p is kept constant (i.e.

pPo = pPf = 0001)

The controller transfer function obtained by the
probability-one homotopy algorithm is given by

_ 2 2
H(s) = 2819 (s + 0.2079)[(s — 0.0978)" + 0.8063°]

[(s +4.004)% + 1.8294%][(s + 3.4747)% + 9.9745?]

(52)
This controller is guaranteed by the theory to be robust
for the range 0.5 < k < 2.0 and this was also verified by
a direct search. The settling time for the system was
chosen to be the time required for the displacement of
mass 2 to reach and stay within the interval [-0.1m,
0.1m]. The controller is seen to satisfy the settling
time objective when connected to the nominal model
corresponding to k = 1 N/m, as can be seen from the
impulse response of the closed-loop system in Figure 4.

6.2 H,, Performance

As shown in Section 3, the problem may be formulated
to minimize an H,, instead of an Hs performance in-
dex. The formulation is similar to that in [2]. The
closed loop system may now be represented as

i=(A-BAQ)z (53)
y=Cxr (54)
where A, B and C are given by (16), (28) and (24).

We let the performance block A, between [z u]T and
w = [w; ws]T be diagonal, i.e.,

— Ap,l 0
N )
This makes it easy to vary the bounds for A,; and
Ap72 viz. M2(2,2) and M2(3,3) (Wlth M1 = —MQ),
independently in order to change z and u, respectively.



Hence G(s) and A in Figure 1 is given by

A(knom) | B
G(s) ~ 56
(5 ~ [l 2 (56)
Ak 0 0
A = 0 Ap71 0 R M, < A < My (57)
0 0 Ay

In this case M; and M, are diagonal matrices instead
of scalars. Notice that in this formulation A is mized
since Ak is real where as A,; and A,» are allowed
to be complex. Hence multiplier elements N(2,2) and
N (3,3) are constrained to be zero. Since H and N are
no longer scalars the variable z in (41) is given by

vecH
vecN
€

(4 | (58)
vec(B.)
vec(C,)

and consequently, the function F' in (42), is given by
e (35) T
vec (1)

) . (59)

[

®
Ny
2

=

&
2

I
Y

3

o

hN
)

vec

vec

Q Q
1S
N—"

c

#)

vec

0C.

NN

The expressions for F'(z,7) in this case are much more
complex than in the case of Hy performance since the
B and C are now a function of controller parameters.
Consider for example the expression for g—é for the H»
and the H, controller given respectively by

1 L 1 1
298, ;P21V12 + E[P22BCV2] + [PQ]mcpT

Y55 = [QPIT, + M, CQPIL, DY
+[Y*1H2C'QP]2T2D2T — []\TC']2T2{[Y*1H2CQPBY*1]%12
+[Y'H?CQPBY 15, }D¥ — [QPBY ' NC|LCT
[Y-LNCAQP].,DY — [NCIL{[Y "' NCAQPBY %,
+[Y"INCAQPBY |5, }DY — [M,CQPBY~NC],,
—[Y='NCBM,CQP]},DT
+INC)LA[Y-'NCBM,CQPBY '],

+[Y 'NCBM,CQPBY !],,}DY + ...

The expressions for the corresponding Jacobian are
therefore even more complicated and lengthy. The nu-
merical example for the robust controller with H,, per-
formance will be completed in the final paper.

7 Conclusions

In this paper the Popov Multiplier has been used to
develop probability-one homotopy algorithms for the
design of robust controllers with guaranteed Hs/Hx
performance. The formulation closely follows that pre-
sented in [3, 4] and extends it to the case of robust con-
trollers with H, performance. Though the formulation
for both the robust H, and the robust H,, problems
are very similar, the gradient and the Hessian expres-
sions for the H., formulation are a lot more complex.
A numerical benchmark example is presented for the
robust Hs controller. The numerical design of the ro-
bust H,, controller and a comparison of these designs
will be presented in the final paper.
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