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A Fuzzy Logic Approach to LQG Design With
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Abstract—One of the well-known deficiencies of most modern tion is highly desirable. The subject of weight selection in con-
control methods [i.e.,H>, Hoo, and Ly (or £) design] is that they  tro| design has attracted only very sporadic attention in the con-
attempt to represent multiple criteria with scalar cost functions. trol literature (e.g., [6], [8], [11], [16], [17], [20], [22], and [25]).

Hence, in practice the (static or dynamic) weights in the scalar .
cost function must be determined by an iterative process in order This is, perhaps, largely due to the fact that these problems are

to satisfy the multiple objectives. It is of great time and cost benefit highly nonlinear, and itis in general very difficult to analytically

to automate this iterative process, but these problems tend to be model the relationships between the cost function weights and
highly nonlinear and extremely difficult to model analytically.  the various design objectives.

However, a good designer can often observe trends and develop  pqynately, there often are observable relationships between

effective weight selection methodologies. The designer’s logic isth . t functi iaht d th ltiol iteria. |
inherently “fuzzy” and it is hence natural to use fuzzy logic for € Variots COSLIUNCLON WEeIghts an € mulitpie critena. in

algorithm implementation. This paper develops a fuzzy algorithm  this case, with experience, a modern control designer can de-
for selecting the weights in a linear quadratic Gaussian (LQG) velop methodologies to pick the weights to satisfy the multiple

cost functional such that constraints on the variances of the criteria. Hence, it is possible to automate the design process by
system are satisfied. This problem is denoted the variance con- capturing the designer's observations and experience and im-

strained LQG (VCLQG) problem. Variations of this problem are | ting th lting desi les in iterati ¢ |
considered in the existing literature using crisp logic. Numerical P'€Menting the resulting design rules in iterative computer al-

experiments show that when both the input and output variances gorithms. This implementation can be attempted by using crisp
are constrained, the fuzzy algorithm converges faster and tends to logic. However, since the designer’s thinking and design princi-

be much more robust to new systems or constraints than the crisp ples are in reality “fuzzy,” it is more natural to use fuzzy logic.
algorithms. This paper focuses on the use of fuzzy logic to choose weights
Index Terms—Fuzzy logic, linear quadratic Gaussian (LQG) in a weight selection problem that has received substantial at-

control, stochastic optimal control. tention in the literature.
The problem considered is variance constrained linear
I. INTRODUCTION qguadratic Gaussian (VCLQG) design. The basic VCLQG

problem is to pick the weights in an LQG (i.€4,) cost func-
ONTROL methods based on “modern” control theory argon so that the variances of the system inputs and outputs are
based upon finding a control law that minimizes or conspnstrained by selected amounts. A variant of this problem is
strains a scalar cost function. The use of optimization theoriesdgnsidered in [16], where the task of minimizing a preselected
the development of modern control laws leads to a degree of @gmdratic cost function subject to input and output variance
sign automation, since after the cost function is chosen, the c@@nstraints is considered. In other references [20], [25] the dual
trol law synthesis may be entirely performed by a computer-ifiroplems considered are: 1) minimize a weighted sum of the
plemented numerical algorithm. However, as is well known, ififferences between each input variance and its constraint sub-
most real-world problems the engineering objectives are Myt to constraints on the output variances [the output variance
ticriteria and cannot be easily captured by scalar cost Criter&%signment (OVA) problem] or 2) minimize a weighted sum of
Hence, in practice the control engineer must iteratively choosgg difference between each output variance and its constraint
set of weights, which may be static or dynamic, so that the scalgyhject to constraints on the input variances [the input variance
cost function actually yields a control law that satisfies the mué'ssignment (IVA) problem]. The output covariance control
tiple objectives. So, despite greater utilization of the COMpUteBHCC) problem considered in [11] seeks to minimize an input
modern control design has not yet reached a high degree of gyt subject to constraints on the output covariances. The OCC
tomation. _ _ problem can be reduced to that of minimizing the input cost
Because of the cost savings that automation affords, full ayypject to constraints on output variances. Here, we consider
tomation of the control design process, including weight selegre most general VCLQG problem and report a fuzzy weight
selection methodology. It should be mentioned that variance
constraints also have a deterministic interpretation since the
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a nonlinear programming (NLP) quasi-Newton algorithm whilandV,, andV,, denote, respectively, the steady-state covariance
the algorithms in [20] for the OVA and IVA problems are heurismatrices of the state and input vectors, i.e.,

tically derived. The output variance control (OVC) and the input

variance control (IVC) algorithms in [11] are variants of the Vo = lim E [z(t)a" (1)], V. = lim E [u(t)u” ()] . (6)
OVA and IVA algorithms, respectively. The algorithm in [25]

for the output covariance control (OCC) problem is based die weighting matrice, and),, are the LQG weights which
the theory of convergent sequences in a closed convex set, 8ffjto be selected by the control designer to express the relative
is provably convergent. The primary motivation for the develofportance of the various states (or outputs) and control inputs.
ments here is to consider the most genera| form of VCLQG andThe solution to the LQG control prOblem is well established
to demonstrate that fuzzy methodologies can be developed €. for example, [1]) and results in a controller whose state-
multicriteria problems. It is seen that the fuzzy algorithm tendipace description is

to converge faster and be much more numerically robust than

the crisp algorithms. However, an ultimate advantage of fuzzy &e(t) = Acte(t) + Bey(t) ™
weight selection methodologies may be their extendability to u(t) = —Cexc(t) (8)
other multicriteria problems.

Note that the use of fuzzy logic here differs from most usag¥4'ee
of fuzzy logic in control. In most control applications (see, for A.—A— B.C+ BC. ©)

example, [4], [5], [18], [19], [23], and [24]) fuzzy logic is used
as a replacement for conventional control laws. In contrast, here B.=QCTVv, Y, C.=Q;'B"P. (10)
fuzzy logic is used to aid conventional control design methods. . .
This paper is organized as follows. Section Il describes andP andQ are the re_spectlve solutions of the regulator and ob-
formulates the VCLQG problem. It then describes several vare Ve Ricatti equations
ants of the VCLQG problem along with the crisp algorithms 0=A"P+PA+Q, — PBQ-'BTP (11)
proposed for their solutions. Section Ill develops a fuzzy . ey
approach to weight selection in VCLQG design. Section IV 0=4Q+QA" +V1 - QC7V, 700 12)
presents numerical examples, and Section V discusses gﬁ«avl
conclusions.
Nota_tlon: R is the field pf regl numpersr(_M) is the trace v, 2 D, DY, Vv, 2 D,DY. (13)
of matrix M, I.. is anr x » identity matrix,O,. is anr x r zero
matrix, row; (M) represents théth row of matrix M, col;(M) It has also been shown [12] that for the LQG controller the state
represents thih column of matrixi/, E is the expectation op- and input covariance matrices which minimize the quadratic
erator anc]|v||oo isthe infinity norm of vectow, i.e.,:max7;|v7;|. performance function (4) are, respective|y

andV, are defined as

Il. THE VCLQG PROBLEM AND ITS VARIANTS V. =Q+Q, V, = C.QCT (14)

This section begins by describing the VCLQG problem. SUWhereQ is the solution of the Lyapunov equation
sequently, several variants of the VCLQG [11], [16], [20], [25]

problem are described along with the algorithms that have been ¢ = (4 — BC.)Q + Q(A — BC.)T + BV, BT. (15)
proposed to solve them.
The covariance matricd§. andV/,, (and hence the variances) are

A. The VCLQG Problem highly dependent on the weighting matria@s and @, since
Consider a linear time-invariant plant they determine the solution of the regulator Ricatti equation.
The Variance Constrained LQG (VCLQG) Problerind
#(t) = Az(t) + Bu(t) + Diw(t) (1)  the weighting matrice€),, and@,, such that the LQG control
y(t) =Cx(t) + Daw(t) (2) law yields a closed-loop system satisfying
z(t) = Fa(t) 3)

wherex € R"™ is the state vector, € R™ is the control input
vector,y € R? is the measurement vectere R? is the output
performance vectoty is a white noise vector process with zero lim E [u}(t)] =tx(R;Va,)

: X ; . . ol J iV
mean and identity covariancé4, B) is stabilizable,(4, C)

tlim E [zf(t)] =tr(Q; V)
o2, i=1,2...,q (16)

IA

2 i
is detectable D, is full column rank, andD; DI = 0. The < 15 J=L2...,m (17)
standard LQG control problem is that of finding a control inp%here
u that minimizes the quadratic performance function
T = t:(QuVa) + t1(QuV) @) Qi =rowi(E)eoli(ET),  R; = row;(Im)coli(1y,). (18)
where To formulate a solution to the VCLQG problem, let

Q.=Qr >0, Q.=QL>0 (5) Q.=ETQ.E, Q.>0 (19)
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and express the cost function (4) as where the sef); }227" is defined such that
/ )\Zi, 121,2,...,
=1r(Q.V.) + t1(Qu Vo) (20) A2 { : . q (29)
)\u,i—qv LZQ+17Q+277Q+m

whereV’, is the steady-state covariance matrix of the output per-

formance vectok(¢), i.e., In [16], @, and@,, are assumed known such that the optimal
_ . VCLQG problem may be viewed as that of finding the weights
V.= hm E [ (t)z (t)] . (21) Q* and@);, in the cost function (25) so that the resulting control

law satisfies the inequality constraints (16) and (17). The set of
Furthermore, adopting some results from [7], [11], [13]-[15}}e Lagrange multiplierg; }q+m which solve this problem is
[21], and [22] we restrict the weighting matric€s andQ., 10 jetermined iteratively from some initial valuézs(o)}q+"’ using

be diagonal such that the modified quasi-Newton update in which each eleneris

Q. =diag(az,1, ..., s ) updated as [16]

Q. :diag(ocu’l, coey Qi m). (22) )\Ek‘i'l) _ )\Ek) + sat ([3(’“)]{5’“)& ()\Ek)) 7 E}\Ek)) (30)
Q- and@, can now be expressed as wherez € (0, 1) is selected by the user, the matdik is the
guasi-Newton approximation of the inverse of the Jacobian ma-
= Z o, Qs Qu = Z cy, jR; (23) trix of £&: R?Y™ — R7T™ with respect to\;, where the elements
i j of £ are defined by

indicating that the LQG cost function is a weighted sum of the X [60(Qi Vi) —o?] i=1,2,...,q

steady-state variances of the inputs and performance outpdts= ) RV 2 L

Let the set{; } 2™ be defined such that ifr(BiogVa—piy], i=a+la+2....q +(m')
31

A [ @z, t1=1,2,...,¢q ”
i = {am_m i=q+1,q42 ..., q+m. (24)  The saturation function sét, ) in (30) is defined as
The VCLQG problem reduces to that of determining the param- sat(z, y) = {377 if [z < |yl 32)
eter setf{o; }2X7" which from now on will be called the weights. sgu(x) X |y|, otherwise

The we|ghts{ozz}q+"’ which solve the VCLQG problem for

a particular set of variance constraints (16) and (17) are
unique, since all scaled sets the solution are also solutions. Ige
pending on the solution methodology, the VCLQG problem may B+ Z gk (ry _ /3(’“)) (
not be easy to solve.

dﬁ““) is a positive parameter updated from some initial value
according to

y-1 (33)

B. The Optimal VCLQG Problem where~ is a positive number _selected by the user. Thg conver-
gence rate of the above algorithm, called here the nonlinear pro-
A variant of the VCLQG problem is the optimal VCLQG gramming (NLP) algorithm, depends on the user selected pa-
problem [2], [16], which optimizes the fixed quadratic cost funGameterss, 39, and~. The optimal values of these parameters
tion (4), whereQ, = Q7 > 0andQ@, = Q7 > 0, subject depend on both the system (1)(3) and the constraints (16), (17).
to the inequality constraints (16) and (17). in [2] and [16] thigyhen optimal values for these parameters are used, the NLP al-
problem is solved by f|nd|ng the nonnegative Lagrange multiorithm converges at a quadratic rate. For further details about
pliers {A. ;}7_; and{A,,;}72, such that the control law thatthe NLP algorithm, the reader is referred to [16].
minimizes the Lagrangian ‘function Note that if in the optimal VCLQG problem weighting ma-
N N trices@, and@,, that determine the fixed quadratic cost func-
Jo =t Qe Ve + tr @V, (25) tion (4) are chosen to be zero, then

where q m
4 m Qr=> " XNQi,  QL=> MR, (34)

Qr=Qr+ Y AiQin Qh=Qu+Y AR, (26) i=1 i=1
=1 g=1 which have the same respective forms as (23). In this case the

also satisfies the inequality constraints (16) and (17) and t@Btimal VCLQG problem reduces to the VCLQG problem.

complementary slackness condition In [2], the Lagrange multipliers that solve the optimal
. VCLQG problem are determined by using the constrained
. o u el oo cutting plane and ellipsoid algorithms. These algorithms use
Z Az, [te(QiVe) = o] + Z Auj [t0(R;Va) = 4i5] = 0. the value of the cost function and its subgradients to shift the
(27) upper and lower bounds on the weights until they converge to
In [2], the Lagrange multipliers are scaled such that the desired weights. Since the algorithms work by shrinking
the zone that contains the desired solution, proper initialization
A+t FApm =1 (28) is required. The initial zone must contain the desired solution

=1 j=1
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outright. The initialization of the constrained cutting plane anB. The OCC Problem
ellipsoid algorithms is done using the Bryson’s rule [3]. It is The OCC problem [25] is that of finding a static or dynamic
noted that these algorithms resemble in many respects to fQ

. . SN &dback controller that minimizes the input performance cost
NLP algorithm, and were not used for comparison in this paper.

1 T _
C. The OVA Problem and the IVA Problem Ju = thJEoE[u(t) Q’”'u(t)] = QuVu, Qu>0 (41)

The OVA and the IVA are considered in [20]. In [11] the_ .. : :
; subject to constraints on the output covariances

OVA and the IVA problems are generalized to the IVC and theu ) I utput covar
OVC problems. However, these problems and the proposed al-, o = .
gorithms for their solution are very similar. Therefore, here WethlgoE[zi(t)zi(t) | = BVoEf <%, t=12...p
restrict our discussion to the IVA and the OVA problems. — ) (42)

The OVA problem is that of assigning the weiglits; }2*" WhereX; > 0,4 =1,2, ..., p, andz(¢) and E have the com-
such that the binding output variance constraints (16) are takgfibly partitioned forms

to their boundaries and the weighted sum of the errors on the

relaxed input variance constraints (17) is minimized, i.e., 2(t) = [a ()", ..., zp(t)T]T
o E=[EL, ... EN". (43)
min Z (Iim E [u?_q(t)] - u?_q> (35) ' . . o
ek, 27, Moo The input weight?,, is assumed to be known. If it is assumed
thatp = ¢ such that each;(¢) is a scalar as in the VCLQG
subject to problem, then eacl; will be a row vector and (42) becomes
equivalent to (16). Notice that this problem does not explicitly
Aim E [27(t)] — o7 =0, i=1,2,...,q. (36) consider constraints on the individual input variances.

It is shown in [25] that the optimal solution for this problem

In [20] the output and input weight&y. ;}2_, and{a, ;)™ exists only if there is a symmetric positive semidefinite matrix
z, v Si=1 w,jfj=1 ) .
are determined iteratively by the OVA algorithm from some iniQZ defined as in (22) such that

tial values according to
azji(EiVmEiT —0)=0 wheretr(Q;V,) < o7.

T

q
lim E [23(t)] -

Z,

i To establish the optimal solution to the OCC problem, one must
and ensure tha€), exists. It follows that the OCC problem may be

viewed as that of finding diagoné}. satisfying (44) such that

thJEoE [“JZ(t)] oy thJEoE [“JZ(t)] - for known@,,, the control law which minimizes cost function

k 3 Gy o | =
Uy = & J & J = 5(QuVa) + 81(Qu[Vz = Ve]) (45)
alh oy, otherwise.
(38) whereV, = diag(of, ..., 02), also satisfies (16).

Basically, the weight updates used by the OVA algorithm as- The OCC algorithm which solves the OCC problem is de-
sume that the cost index (36) can be minimized and each outpetibed in detail in [25]. Iy = ¢, each diagonal elemeat ; of
variance can be taken to the constraint boundary in a singled: is updated iteratively from some initial valuéoa according
eration. When this assumption is not satisfied, the algorithm { ’
erates until convergence.

The IVA problem, dual to the OVA problem, is that of as- (k+1) _ /304% +(1-B)x

(e
signing the weights such that the binding input variance con="" )
straints (17) are taken to their boundaries and weighted sum of P [a” + W(tli_}lc}oE[zz‘ ()] - 0’3)} (46)
the errors on the relaxed output variance constraints (16) is min-
imized, i.e., until (44) is satisfied, givingxi’fjl) = ai"z Here, the function
q P[M] is defined as
min lim E [27(t)] — o} (39)
{a} ; (t—)oo [ ] ) 0, forM <0
PM] = . (47)
M otherwise.

subject to

The nonnegative parameteys> 0 andg3 € (0, 1) must be
tli_}lc}oE[uz‘Q_q(t)] — iy =0, t=qg+1,9+2,....,9+m. selected by the user and the values which optimize the conver-
(40) gence rate are dependent upon both the system (1)—(3) and the
Likewise, the IVA algorithm is the dual of the OVA algorithm. constraints (16), (17).
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IIl. FuzzY ALGORITHM FOR QUADRATIC WEIGHT SELECTION ~ **® — T T T —
. . . —_— 0t 1
A. Solution Approach 0.016 IR A o Ewgg .
. . . E u
To develop a fuzzy algorithm for selection of the weight L v j C S E Lg _
{e; }2™, we introduce the following variables. L§t; 1%+, : N
denote the set of input and output variances, i.e., 0012}t B R,
th_%l;lQEl:ZE(t)], i:1727"'7q gO.m- 7
v 2 E:
‘ lim E[ui{q(t)], i=q+1,q+2,....,9+m Soooer | 5 7
t—oo :

(48)  ooosl N e . B
and the set of LQG weightsy; 12+ be defined as in (24). The ; ; JSSURRE U0J00 SUOONNE AUUOUNS SRS
set of input and output variances corresponding to unity weigl ooesf o5 —mmi T 7T i
(e, = 1,i = 1,2, ..., ¢ +m) is denoted by{z,; }*7", I A
and the corresponding set of variance constraints is denotec **®[-= =777 TS 7T T -
{Cl}gi—{n’ Where o : I I I | 1 | f | |

0 0.5 1 1.5 2 25 3 35 4 4.5 5
o‘u,2
CA{Ui7 i:1727' y 4 (49)
i = 2 P Fig. 1. Variation of the input and output variances with the weight ¢) on
Hi—g t=4 +1g+2 ..., g+m input variance 2., ;1 = o, 1 = . 2 = 1).

The deviation of the variancg from its constraint;, normal-
ized about the corresponding unity weight variangcis denoted v v . B
by ¢, i.e., i z f ' : f : S

NS
- ?

€ 1=1,2 ..., ¢g+m. (50)

Ui
Since each element of the sét;}?*7" depends on each
element of the LQG weight sefte; }77,", we formulate the
VCLQG problem as that of finding a sefi; }22;" which

satisfies the nonlinear inequalities

VARIANCES

eilar, az, ..., agem) <0, 1=1,2, ..., g+ m. (51)
The solution for such problem is done iteratively from some  spr o™i R __xz;:;ﬁa:::ﬂ G
initial estimatea” using PO R I T
0 1 I 1 1 1 1 1 1 1
. . . 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1
agk"'l) = ocgk) + Aocgk). (52) a

Note that there are many sQ‘@Z}Z:I" which satisfy (51), how- Fig. 2. Variation of the output variances with the weight,. on input
ever, we seek the set which takesclose to zero. In practice, Vanance 2 for twovalues af..., (a-., = a2 = 1).

a human designer solves this problem by adjusting* ac-

cording to observed patterns until satisfactory performancevi®ights, the variances of input 1 and the two outputs may not

achieved. even vary monotonically, as shown clearly by the solid curve in
Fig. 2.
B. The Fuzzy Logic for VCLQG Weight Selection Since the sensitivity of the variance to the weight changes is

not constant, the weight adjustments should be based not only on
the deviation of the variances from their design constraints, but
also thesensitivityof the variances with respect to each weight.
The sensitivities are denoted by and are precisely defined by

The value of each input or output variangés determined by
the entire set of LQG weightsy; } 2. However, the sign of the
change iny; due to a change ir; is knowna priori, whereas
the sign of the change in; due to a change in; (j # i) is
notknowna priori. In particular, due to optimality it is known A Ov; e,
thatv; will decrease with increasing; and increase with de- i = o = v; 0 ,wj=1,2....,g+m (53)
creasingy;, while for j £ ¢ optimality does not predict whether J J
v; will increase or decrease ag changes. These trends are ilzorresponding to the gradient of theversuswy; curve. In prac-

lustrated by Figs. 1 and 2 which correspond to a system Wiie we cannot computg; precisely. Hence we use an estimate
two inputs(x;, u2) and two performance outputs;, z»). Itis - given by

seen that while the variance of input 2 decreases monotonicaﬁiyj/
as the corresponding weight, » is increased as shown by the o @ o (54)
solid curve in Fig. 1, depending on the choice of the remaining Mhij = i Saj = i
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whereéa; denotes a small change iy and é=; denotes the then using (56) the variation siz&c;| is described relative to
corresponding change &. In the fuzzy algorithm we use the A@,,,,x defined by
normalized sensitivity estimatg,; defined as

£

77?

A
. Al max =
_ A Ty 65i max
mi = 5o (55)

(60)

ding to th dient of th ' The size of the absolute vali®,;| of a normalized sensitivity
corresponding to the gradient ot tagversusa; curve. estimate is described relative to the interval [0, 1].

Let {o{*174™ denote the present set of LQG weights which
yields the set of normalized variance deviatiga$’ }%+7. As-
sume for the moment that a weight does not affect any of the Fyzzy Algorithm for VCLQG Weight Selection

variancesu; for j # i (i.e., thev; versusa; curves are hori-  giep 1. Set all weights to unity, i.eq; = 1,i =
zontal) and the; versusy; curve is linear. Then, ekach var’ianceL 2, ..., ¢+ m and compute the set of unity weight variances
constraint would equal its bouns; (= 0) if o; « ag )—i-AaE ), {w;yaxm
; AN
¢=1,2 ..., ¢+m, where Step 2. Choose an initial set of LQG weiglits; o }%1;" and
* initialize o; = ;.0,¢=1,2, ...+ m.
Aagk):%" i=1,2,...,q+m. (56) Step3. Fok =1,2,...,g+m _ _ o
—Z(f) 3a. Compute the set of normalized variance deviations
{e;}1™ and the set of normalized sensitivity estimates

q+m

However, if there existg (j # 4) such thatv; is sensitive to {7;;}{ ;. Lete; o =¢€;,i=1,2, ..., g+ m,
changes iny; and thev; versusa; curve is also linear, then its  3b. Uses;, 7;; and fuzzy logic of the following type to choose

normalized variance errer; will change by a value ofl Aq;| such that [with the sign af«; determined by
(61) below]o; — «; + Ac; yieldse; = 0: 1) if |&;]| is very
Ag;l(ci)) = ﬁgf)Aagk). (57) large and7;;| is small then choosAw;| very large; 2) if|e;|

is medium and;;| is medium then choogé\«;| medium; and

This simplified analysis illustrates that the weightsand«; 3) if |e;] is small and7;;| is small then choosga;| small; etc.
will need to be readjusted further to ensure thatemains (ap- (The full logic is shown below in Table 1V.)
proximately) unchanged. 3c. Forj=1,2,...,g+m(j #1)

Below we describe qualitatively an experimentally derived i. UseAa;, n;; and fuzzy logic of the following type to esti-
algorithm for finding a set of LQG weightgy; } 217" that satisfy mate|Ae;;| such that [with the sign af\e; ;) determined by
the variance constraints (16) and (17). The general flow of tA@ble I or equivalently (62) belowd\e ;) is an estimate of the
algorithm is as follows: change ire; due to the weight chang&e;: 1) if |Acwy] is large

and|7,;| is large thenAe ;| is large; 2) if| Aa;| is medium
. ) and|7; ;| is medium thenAe ;| is medium; 3) iff Aa; | is smalll
1) Choose an initial set of LQG weights. and|7,,] is small thenAg ;)| is small; etc. (The full logic is
2)Fori =1,2,...,q9+m o ~_ shown below in Table V.)
— Use the.n_o_rr_nahzed variance deviations gnd approxmatlonsﬁ_ Use Aej(;), 77;; and the fuzzy logic of Step 3b to choose
of the sensitivities to choo;e anew set of weights sucftthat Acij;) such thaty; — Aag) + a; yieldse; ~ ¢ ¢ (i.e., the
approximately zero_whllej is app_roxmately unchangéfZ?). influence of Ac; one; is negated).
3) Repeat the previous step until convergence. iii. Use Aay;,7;;, and the fuzzy logic of Step 3c-i to choose
Aeg;(j(y), an estimate of the changedndue the weight change

In the following, the algorithm is described in greater deta{-P%'(i)- i
using fuzzy language where the sizes of the variables are delV- US€Asi((i)), 7;;» and the fuzzy logic of Step 3b to choose
scribed as being “small,” “large,” etc., relative to some valuga®i(i(iy) Such thak; ~ 0 (i.e., the influence ofda; one; is
determined based on the present maximum error. In particuf3¢gated). _ .
the absolute valuelg;|) of a normalized variance deviation is 3d- Update the weighty; using ; « a; + Aaf where
described relative to the size of the largest error presgnt 2% = (Aai + 3 ; Aaigiiy)- Then, adjust the weights to
defined by ensure that the definiteness constraints (5) are satisfied (as de-

scribed below in Section 111-D).
Step 4. Repeat Step 3 until convergence. (See Section IlI-D

— A
Emax — Max |51| (58) . . .
i for details on the convergence criteria.)

The absolute value$f«,|) of the variation in an LQG weight

is described relative to the weight which would be required W®ithough in this algorithm it is assumed that all inputs and out-

bring €., to zero under the assumption that theversusa;  pyts are constrained, it is straight forward to select and constrain

curve is linear. In particular, if only specific channels such as the inputs, outputs, or some of the
_ inputs and outputs. Details of the algorithm are given in the re-
¢ = argmax leil (39)  mainder of this section.
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TABLE | TABLE I
SIGN RELATIONSHIP BETWEEN INPUTS AND OUTPUTS OF THEWC FIS DEFINITIONS OF THEUDS FOR THEDIFFERENTFIS VARIABLES
Inputf Output Variable | UD Range Definitions
Ay | i | Aga) O
T |+ ¥ le.| [0, Emax] Emax = MAX; &
+ :}_ _ |Aay| | [0, Adimax] | AGmax = EF :4 = arg max; sgk)
- - + 7551 [0,1] gradient of o; — ; curve at 45°
C. The Fuzzy Inference Systems TABLE Il

. . . Fuzzy MEMBERSHIP GROUPS FOR THEVARIABLES
To implement the fuzzy algorithm for VCLQG weight selec-

tion, hereafter called the FV algorithm, two fuzzy inference sys- Group | Linguistic Label | Membership function

tems are needed. The first fuzzy system implements the logic of 1 Small (9) Triangular

Step 3b and the second fuzzy system implements the logic of 2 Medium (M) Triangular

Step 3c-i. These systems will be referred to, respectively, as the 3 Large (L) Triangular

weight change (WC) FIS and the variance error change (VEC) 4 Very Large (VL) s-function

FIS. The next sections describe these two fuzzy inference sys-

tems. : : : : : : : :
1) The Signs of the Fuzzy Variabless already observed ; M t v

in the description of the FV algorithm, the WC FIS and VE(
FIS are based on the magnitudes of the relevant variables. T
results in fewer fuzzy rules and hence increases algorithm spe os
Here we show how to determine the signs of the variables 1
which the FIS’s output the magnitudes. g
From the previous observations on the variation of the va °°[
ance and its weight, it is obvious that the normalized sensitivig
7;; estimate is always negative (if properly computed) and th § ..,
the polarity of the weight chang&q; required to reduce; is S
determined by the polarity af; itself. Since a decrease in vari-
ance is associated with an increase in its weight and vice ver °2[
for the WC FIS, a negative errat input results in a negative

weight change (decreasA)y; in the output and vice versa, i.e.,

sign(Ac;) = sign(e;) v=1,2,...,9+m. (61) 0 o oz o8 02 05 o8 o7 o8 ) 1

Variable1
Forj # i, the normalized sensitivity estimatg, can be
either positive or negative. Therefore the output of the VEC FF3. 3.  Membership functions for the variables (normalized to fit in [0, 1]).
depends on the signs of both the weight chadge and7,;.
The sign relations among the inputs and outputs of the VECare absorbed in 1. The case fgy;| = 1 occurs when the
FIS are summarized in Table I. As seen from Table |, the sigangent to the:; versusq; is inclined at+45° with respect to
of the outputs for the VEC FIS is determined by the logicak  the horizontal axis.

operation on the signs of both inputd4; andz,;), i.e., The UDs for the different variables are summarized in
] ] o Table II. The resulting fuzzy groups together with their lin-
sign(Aej(i)) = sign(Aa; ) XOR sign(7;;) guistic labels are shown in Table Ill, and membership functions

i, J=1,2...,g+m. (62) which define the degree of membership for each of the fuzzy
o ) groups are shown in Fig. 3.
2) Fuzzification of the Input and Output VariableShe 3) The Fuzzy Rule Set®oth the WC FIS and VEC FIS are

variables (i.e.[7;;], |e«|, and|Ac.) are fuzzified into four nyomgani-type [9], [19], [10] with two input variables and one
membership groups and each group is given a linguistic la tput variable. Hence, the fuzzy rule sets are of the form
corresponding to its relative size in the universe of discourse

(UD), i.e., the variable domain. Here, represents eithet;, IF (input variable 1) - -

Ej(ig or Aﬁi(g_'lgil)), Sgd Afoc*| YTDVGZG&S Titheﬁgm Aa_j(i)d AND (input variable 2)- - -

or Ac;(iiy- The s forle,.| an a,| are determined, .

respect(ijv(e)l)y, by (58) and (60), THEN (output variable)  (63)
Although a normalized sensitivity estimg#;| is known to ~ Since there are two sets of inputs, each with four membership

vary in the rang¢0, ~o] corresponding to the possible absolutgroups, a total of 16 rules were developed for each FIS. These

values of the gradient of thg versusy; curve, the fuzzy groups rules are given in the fuzzy associative matrices of Tables IV

for [77,;] are defined in the range [0, 1] where all values abovand V. These rules are developed based on experience.
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TABLE IV
Fuzzy ASSOCIATIVE MATRIX FOR THE WC FIS

EIN%l [ S ML ]VL
S

S| S|S| S

M L | M M| S
L VLI L M| M
VL VL|VL|L | L

TABLE V
Fuzzy ASSOCIATIVE MATRIX FOR THE VEC FIS

[Aaif\In;[ | S [M[ L | VL

S S|S|S S

M SIM|M| L
L M|{M| L |VL
VL L|L|VL|VL

Fig. 5. The solution surface for the VEC FIS.

Similarly, @,, > 0 is ensured by making the following replace-
mentsfori = ¢+ 1, ¢+ 2, ...q+m:

oy, if o; >0

p, otherwise

wherep is a small positive number. In the numerical experi-
ments described in the next sectign= 10~ sufficed.

Recall that the sensitivities are estimated by changing the
weights in small amounté«; and using the corresponding
changes in variance®; to compute the sensitivity;; using
(54) and then the normalized sensitivity estimate using
(55). The accuracy af;; is highly dependent on proper choice
of ;. In the algorithm implementation reported hete; was
chosen according to

Fig. 4. The solution surface for the WC FIS. G
a; x 107°% ifa; >0
Soy; = { ‘ ’ ’ (66)

—12 P
4) Defuzzification of the Output Variable=or the outputs to 1077, otherwise.

have smooth transition between different output levels without

any switching transients, it was implemented using the center ofThree criteria were used to determine the algorithm conver-
area method [9], [10], [19]. The corresponding solution surfacgence of Step 4 of the fuzzy algorithm for VCLQG weight se-

for the two fuzzy systems are shown in Figs. 4 and 5. Fig. 4liction. Lete denote a vector of the variance errors, i.e.,

in agreement with the practice of a human designer in adjusting
the weights and Fig. 5 is in agreement with the expected system
behavior. As such, further tuning of the membership groups is

not necessary.

€= [517 €2, ---; Eq-l—rn]T- (67)

The first convergence criterion is whens sufficiently small.
D. Computational Issues In particular

As noted in Step 3d of the fuzzy algorithm for VCLQG A
weight selection, the weight updates must not violate the e=llelle <@ (68)
definiteness constraints (%), > 0 is ensured after the update

i — a; + Aa; by making the following replacement forWheree; is a small positive number.
i=1,2,...q It is quite possible that the constraint set is such that (68)
cannot be satisfied. Hence, two additional criteria were devel-
o {aia if a; >0 oped to allow the algorithm to converge when the weight up-
T

0, otherwise. (64) dates become ineffective. The first criterion is when the weights
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are very large in comparison to the updates, i.e., there exists a
small positive numbet, such that

AO&Z‘

£}

< €9, i=1,2...,¢+m. (69)

The second criterion is when the weight updates cannot improve
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TABLE VI

OPTIMAL PARAMETERS FOR THENLP AND OCC ALGORITHMS USING

CONSTRAINTS (74), (75)

NLP

OCC

s [BO T~ y | 8

0.9 |

0.5 | 10 ][ 5000 | 0.02

the retained erroe, i.e., if Aey is the improvement in the re- A. The System Models

tained error at each iteratidn defined as

The linear model (1)—(3) for vibrating model is given in [11]

for the first two modes of vibration with the following system

Ac®) = B _ =D (70) matrices:
then convergence is said to occur when [ 0.00 1.00 0.00 0.00
A= —1.00 -0.01 0.00 0.00
Ac® - 0.00 0.00 0.00 1.00
Sl <e (71) L 000 000 —16.00 —0.04
&4
r0.0000 0.0000
for some small positive numbes. B — | 05878 —1.0000
In summary the algorithm will converge in Step 4 if either 0.0000  0.0000
(68), (69), or (71) are satisfied subject to (16) and (17). In all L0.9511  2.0000
of the experiments conducted by the authors, the FV algorithm 1.0000 0.00  2.0000 0.00
converged successfully by satisfying these conditions in less C=F= 0.9511 0.00 —0.5878% 0.00
than 1 min. However, it is possible for the algorithm to fail in s )
satisfying any of the above three convergence criteria. Whenthis D1 =107 "1y, Dy =10""15. (72)

situation occurs, the algorithm will have to be stopped by using

other means, such as a time limit or maximum number of itera-For the hypothetical system, the following matrices were as-

tions.
Numerical experiments are described in the next section. The

sumed:

convergence parameters for the FV algorithm were chosen as [ —0.02 0.05 1240 —10.50
1 = 5x 105, ey = 1 x 10~2 andes = 1 x 10-1, A |~1400 044 -250 250
—1.52 13.50 —1.60 1.20 |’

IV. NUMERICAL EXAMPLES AND PERFORMANCERESULTS .50 —0.52 12.00 4.10
The numerical experiments were performed using two [ 1‘90 3"20

systems. The first system is a stable two-input—two-output B= 9")9 —1.50

vibrating beam, adopted from [11], for which numerical ex- —2.20  2.00

periments revealed that each LQG weight primarily influences L 095 155

the corresponding variance and has relatively small effect 1.00 —050 2.50 0.35

on the other variances. The second system is an unstable C=Ek 0.95 250 —0.59 1.40

two-input—two-output hypothetical system for which each 3 3

LQG weight tends to have a large influence on both the corre- D1 =107°°L;, Dy = 107*°L,. (73)

sponding variance and some of the other variances. One set of
experiments involved constraints on only the output variances, o ]
while a second set of experiments involved constraints on béh Optimization of the User Selected Parameters in the OCC
the input and output variances. and NLP Algorithms

Each of the algorithms was implemented in MATLAB and the The parameters and/3 in (46) of the OCC algorithm and,
fuzzy logic portion of the FV algorithm was implemented using©), andy in (30) and (33) of the NLP algorithm must be chosen
the MATLAB Fuzzy Logic Toolbox [9]. The OCC algorithm by the user. These parameters were chosen to optimize the per-
was applied only to output constraints since it is only applicabfermance of the respective algorithms for an output constrained
to this case. The OVA algorithm requires both the input angariance control problem for the vibrating beam. In particular
output variances to be constrained and hence was applied ahky output variances were constrained by
in this case. The NLP and FV algorithms were applied to all

choices of the constraints. lim E [2(¢)?] <0.0018 (74)
When applying the OCC algorithm, the input weighting ma- tmeo )
trix, (2, was chosen to b,,. In order to use the NLP algorithm Jim E [2(¢)7] <0.0020. (75)

to solve the VCLQG problem, the weighting matrices defining
the fixed quadratic cost functiof),, and@.,, were chosen to be These variance constraints correspond to the output variances
zero matrices. achieved when the output and input weights are, respectively
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TABLE VII
SUMMARY OF THE PERFORMANCE OF THEFV, NLP, AND OCC ALGORITHMS FORCONSTRAINTS ONINPUTS(RUNS = SuccessfuRUNS, TIME IN SECONDS

QO =1, Q™ = diag(10, 20) Overall
Alg. Beam Hypothetical Beam Hypothetical Average
Runs | Time/Run | Runs | Time/Run || Runs | Time/Run | Runs | Time/Run || Time/Run
FV 7 1.82 6 2.29 7 2.37 6 1.70 2.05
NLP 4 1.61 4 1.58 6 102.05 4 168.66 72.21
OCC 7 0.84 6 0.59 7 0.69 6 0.55 0.67
TABLE VIII vergence time of the FV and OCC algorithms was essentially

SUMMARY OF THE PERFORMANCEWITH VARIANCE CONSTRAINTS ONINPUTS independent of the initial Weights. However, the convergence

AND OUTPUTS(RUNS = SuccessfuRUNS, TIME IN SECONDS

time of the NLP algorithm varied dramatically with the initial-

Beam Hypothetical Average  ization. It is possible that by reoptimizing the paramet@ys
Algorithm || Runs | Time/Run || Runs | Time/Run || Time/Run  3(©) andy the performance of the NLP algorithm could be sub-
FV 6 16.48 6 30.07 23.27 stantially improved for the). = diag(10, 20) initialization.
nLE 6 59.66 2 33.04 47,51 However, this is not practical since this optimization process
OVA 6 22.05 3 111.83 51.08 ' p p p

is very time consuming. Table VIII compare the FV, NLP, and
OVA algorithms for the two test systems when each of the

Q. = diag(100, 0) and@, = I,. The two output variance output and input variances was constrained and all algorithms
We|ghts were each initialized to unity and the input variandgere initialized with Unity Welghts It was seen that whenever
weights were held fixed at unity. The NLP and OCC algorithni§€ algorithms converged, they yielded almost same weights.
were used to determine output weights that would take theall cases the FV and OCC algorithms always successfully
output variances to the boundary of the constraints. For b&fnverged. The NLP algorithm successfully converged 82% of
algorithms the space of user selected parameters was gridé&itime while the OVA algorithm had a 76% success rate.

and for each point in the grid the algorithm was allowed to In general the FV algorithm performed favorably in compar-
converge. The grid for the parametersn the NLP algorithm isonto the crisp algorithms. For the more difficult cases in which
and 3 in the OCC algorithm was created by varying each dyoth the input and output variances were constrained, as shown
the parameters from 1.5 to 5000 using the pattern: 1.5, 2, 3jmTable VIII, the average successful convergence times of the
10,.... The grid for the parametef¥® and~ in the NLP al- FV,NLP, and OVA algorithms were, respectively, 23.27 s, 47.57
gorithm andy in the OCC algorithm was generated by varying» and 51.98 s.

each parameter from 0.1 to 0.9 in increments of 0.1. For eachlhe dimensionality of the problem can be decreased by as-
point in the grid the time to convergence was recorded aloft§ning afixed value to one of the weigfts This option would

with the obtained output variances. The parameters that yield&]P to reduce the number of solutions to the VCLQG problem
the lowest convergence times while bringing the output vafhd hence reduce the size of the solution set that needs to be
ances close to their boundaries are shown in Table VI. It to§Rarched. However, this can overly restrict the weight selection
abou 6 h toobtain the optimal OCC parameters and about 7gorithms since they allow one or more of the weights to con-
to obtain the optimal NLP parameters. These parameters wip&ge to zero. This can lead to numerical problems if the weight

held to these values throughout the numerical experimentatiéftat is to be made zero is artificially restricted to a particular
number. In addition, fixing a weight reduces the paths that a

weight selection algorithm can take, which may also lead to nu-

rpaerical ill-conditioning. Hence, although the fixed-weight op-

C. Performance of the Algorithms

Each algorithm was subjected to the convergence crite . o
(68), (69), and (71) and was forced to stop if at the end of 1on should be explored in the future, it is not guaranteed to pro-
' ! P uce better results.

major iteration, the run time had exceeded 10 min. When the
algorithm stopped due to either of the convergence criteria (68),
(69), or (71) and the variance constraints (16) and (17) were
satisfied, it was said to have successfully converged, and theé\ fuzzy algorithm for automatic selection of the quadratic
convergence time (in seconds) was recorded. If the algorithmeights for VCLQG design has been presented. The algorithm
did converge by criteria (69) or (71) but did not satisfy (16fonverges substantially faster than the crisp algorithms which
and (17), it was said to have been unsuccessfully convergalve the general VCLQG problem. Its convergence time is
and the results are not recorded. The algorithm was saidaiso less dependent on the system, constraints, and the initial
have not converged if it did not meet any of the convergeneeeights. This algorithm, however, is slower compared to the
criteria and (16) and (17) were not satisfied. Once the NLOBCC algorithm when solving the VCLQG problem with only
Algorithm failed due to numerical ill-conditioning and this waoutput variance constraints. Since for most practical problems,
also treated as failure to converge. it is difficult to assign the variance constraints arbitrarily, a

Table VII summarizes the performance of each algorithmethodology to select these constraints reasonably is needed. It
for the two systems when only the output variances weigrecommended that the fuzzy methodologies developed here
constrained and the output variance weights were set to te extended further to be able accommodate the selection of
differentinitial conditions. Itis seen from this table that the correasonable variance constraints.

V. CONCLUSION
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